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Abstract. We define a class of monotonic functions whose least fixed points are weakly definable 
in the sense of Rabin. We use this property to give a new proof that z+-definabte sets of trees 
are recognized by Rabin’s special automata. 
Rabin has shown [S] that sets of trees which are definable in some nonadic 
second-order logic are exactly those recognized by tree automata. He also defined 
a subclass of tree automata, called special automata, and showed that the sets 
recognized by special automata re those definable by formulae of a special kind [d]. 
The sets recognized by scesial automata can also be characterized as those 
definable by o-rational expressions (Takahashi [7]) and can therefore be called 
B&hi sets in analogy with the case of words. ) like in the case of words, they 
are also greatest fixed points of least fixed points of equations in the algebra of sets 
of trees (Niwinski [4]). These equations do not contain the in ersection operator. 
But allowing the use of this operator is of interest when dealing with branching-time 
temporal logics like the y-calculus [2], or when studying sets recognized by altemat- 
ing automata [3]. Recently, Arnold and Niwinski have proved [ 1] that greatest fixed 
points of least fixed points of equations containing intersection are still 
Here we propose a proof of this result which amounts to characterizing the 
second-order logical formula expressing that a set is the least or the greatest fixed 
point of some monotonic mapping, and then applying the results of 
in Rabin’s second-order logic are not sets of tre 
us, in order to apply in’s theory, in a first step we precisely 
n between equations over sets of trees and equations over sets 
of nodes of one tree. 
* Formation associie au Ccntre National de la Recherche Scientifi 
0304-3975/88/$3.50 @ 1988, Elsevier Science Publishers B.V. (North-Holland) 
A Ardd 
atest fixed points definable by secon -order formulae 
f U the least and atest fixed points off, we have 
iff X =f(X) and VY(~(Y)E Y* 
X=f” iff X=f(X) and VY(f(Y)z 
that f is jnitely generated, 
i.e., f(X) is finite if X is finite and if Y is a finite subset of f(X), there exists a 
finite subset 2 of X such that Y s f(Z). In other words, and since f is monotonic, 
it is the extension of a mapping between finite sets. With this assumption, f* can 
be defined by a formula in whi set quantifiers 2re restricted to finite sets (i.e., is 
weakly declinable). The combin n of these two characterizations yields a formula 
which satisfies the hypothesis of Rabin’s theorem 161. 
The paper is organized as follows: the first part contains the definitions of trees, 
of operations over sets of trees or sets of nodes of a tree, of systems of equations, 
and of v&-definable sets of trees. The second part contains the definitions of 
second-order definability and of weak definability which plays an essential role in 
this proof. Then the second-order theory of trees is introduced. The third part gives 
the definition of finitely generated mappings and then characterizes their least and 
greatest fixed points. In the last part we link together the previous results to get the 
every VP-definable set is a Biichi set. 
elr 
2.1. Trees 
Let V = { 1,2}*, with E denoting the empty word, and let A be a finite alphabet. 
An A-labelled tree is a mapping t : V-, A. Let T(A) be the set of all A-labelled trees. 
If t is an A-labelled tree and if x E V, t.x is the tree defined by t.x( y ) = t(q) for 
YY in 
2.2. Algebra on sets of trees 
Let us consider the set lnA of binary operators: u, n, and pa for any a in A. The 
set 2T’A’ is made into an &-algebra by interpreting u and n 2s the union and the 
intersection of sets, and p” as the mappir*g 
c 
p&&q: (2-92+ 2T(A), 
+{t: t(c) = a, t. 
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so, for every tree t in T( n still 
as the union and the intersecti 
p;:(2v)+2v 
x, Y+ (x: t(x) = a, xl E X2E Y}. 
u = u(x,, x2,. D . , x,,) built up the variables alto ) x2,. . . , x, 
n &, one can define the mappi UT{,+): (2”“‘)” 3 2T’A’ and 
obviously monotonic for 
inclusion. 
oreover, for any set X included in T( ) and for any tree t belon 
let us define 
tlX={xE v: t.xeiX}. 
It is clear that the following proposition holds. 
ition 1. For ew-y u = u(xI, x2,. . . , x,), for every vector (X,, X2,. , 
sets of trees, for every tree t, 
If X=(X*,X2,..., X,) we will denote by tl the vector (tlX,, tlX2,. 
3X”) Of 
2.3. 
A 
Systems of equations 
system of equations is a set 
Z={Xi=Ui: i=l,...,n} 
where Ui is a term over the variables x1, x2,. . . , x,, yi, y2,. . . , y,, and the operators 
in aA. 
Since (&)T(A) (respectively (ui),) is a monotonic mappings from (2T(A))n+m 
(respectively (2v)n+m) to 2T(A) (respectively 2’), we associate with C the monotonic 
mappings 
&A): (2T(A9n+m + (2T’A’)n, 2, : (2V)R+m + (2v)“, 
which have the monotonic mappings 
zfA)r Z;(A) : (2T(A9m +’ (2 T(A9n, Z-F, zp: (2v)” + (2”)“, 
as least and greatest fixed points. 
We recall here that if f is a monotonic mapping from (2 E ),+, to ( 2E)n, t 
least fixed point f * : (2E)m + (2E)” is defined by 
f*wh y2,***, m=u 
ia 
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is the increasing sequence in (2E)” defined 
, Y,, Y2,. . . , Y,); its greatest fi 
is defined by 
(denoted 
int f w :(2E)” 4 (29” 
is the decreasin sequence defined by =(E,...,E)= 
2.4. vp-Definability 
Let 
c={xj=uj(x~ ,..., A&y1 ,..., y,):i=l, . . . . n} 
and 
r={&=Vj(X1,..., &,J+ ,..., ylA):j=I ,..., m} 
be two systems of equations, 
Let us consider the monotonic mappings 
AV, r)Y-(#%): (2 T(Al)m + (2TtA”)“: 
y+ rT(A,(z%(A,t 
A(& I-), : (2”)” + (2”)“, 
and their greatest fixed points A(& r)OT(A) and A(& r):. 
A set L of trees in T(A) is said to be vpdefinable if is a component of some 
A(& r)(3T(A) as defined above. We can assume, w.l.o.g., that it is the first component, 
and we denote it by w,(A(C, r) (YT(A)). It is vN,-dejcnoble if the equations 2 and 1 
do not contain intersection. 
A set L in T(A) is a B&k set if it is recognized by a special automaton [6]. 
It has been proved [4,7] that the following theorem holds. 
i set iff it is vp,-definable. 
cently [ 11, this theorem has also been shown to hold. 
chi set. 
able sets can be 
of multihead specia then to showing that 
tomata. Here we 
3.1. Second-order langu 
~tx,y,..., (4 y, . . .) be individual variables (respec*“vely vectors of individual 
les),X, Y ,..., ( 
be a family of 
from the predicates in 
abbreviation for QCY, . . . Qa,,. 
-structure M is a set EM with mappings 
P,,,, : E h x (2’~)~ + {true, false} 
for every P(lc, X) in 9. Given a gP=structure M, with every formula F(x, 
we associate two mappings 
F’, FL : Et x (2E~ )p -, {true, false). 
F’ is defined in the usual way, and FL is similarly defined but restricting the 
quantified set variables to range over finite sets. 
Two formulae F(lc, X) and G(x, X) are said to be M-equiualent if F,, and GM 
are equal. They are M-weakly equivalent if FL and CL are equal. If 4 is a family 
of CP-structures, F and G are A-(weakly) equivalent if they are A-(weakly) 
equivalent for every M in .M. 
Let R(x, X) be an element of 9 and let 9 be a subset of 8; let A be a family 
of 9%uctures. R is said to be (weakly) definabre in A by 9 if there exists a formula 
F(s X) in S?(e) which is 46(weakly) equivalent o R 
We will use this notion of definability in a less formal way: let A be a family of 
!%structures; a family of mappings 
PM : EL x (2E~)p + {true, false} 
for every M in A will be also called a predicate. This predicate will be said (weakly) 
definable in 4 by 9 if there exists a formula F(x, ) in 9(9) such that, for evev 
M in Ja, PM is equal to FM (or FL). 
3.2. me logical language of trees 
Let B(A) be a(A where B(A) is the set of predicates R,(X, U, z), 
R,(X, Y, z), R”(X, Y, z) for every a in A and a( ) is the set of predicates rl (x9 Y ), 
r2(x, y), la(x) for every a in A. 
Every tree t in T(A) is made into a 9( )-structure by int~r~re~i~ 
JX, Ypz) as ZEXU Y, R,( 
(x,y) as y=xl, 
t2(x, y) as y = x2, ra(x) as t(x)= a. 
he 
can now reph 
In order to 
points wet sets of t 
), and if t is 
from which it fall sition 1 on ofl 
. 
ition. 
there 
nce of finite vectors 
The following proposition 
this lemma, which both use 
'connectedness and 
is Q fumily Qf_fMeJu 
) is weakly definable in 
of the same a&y, 
4.4. PeJinubility of gwatest jkd 
It is well known that the greatest fixed point f * : (2E)m + (2E)n of 
map f:(2Eh#+* -i (ZE )" satisfies 
erefore, we can state the following proposition. 
et L be a set of VP-definable trees. There 
HOW to define for every tree T the 
exist two systems of equations C and 
mappings: 
&:(2v)“‘“-*( 4p, : (2v)*8+” -, (2v)“, ,:(2vj”+(2v)“, 
on 3, tE L iff EE or,. 
in A,(Z). Hence, E E w&A:) 
abin’s theorem, L is a i set if the predicate 
= {E} and c_ A(Z) 
is e in 
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